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1 Introduction

The aim of this document is to decompose the turbulent kinetic energy (TKE) budget and heat transfer
terms so that they are expressed in simplified forms for statistics collection. The use case is for the output
of a computational fluid dynamics (CFD) code, specifically scale resolving simulations like direct numeri-
cal simulations (DNS). The goal of each simplification is to express the result in terms of simple Reynolds

averages of instantaneous values or products of instantaneous values. Moreover, averaging of first order

spatial derivatives is assumed to be available from the CFD code (i.e. 2“7 is available), for the primitives

p, u1, ug, us, and T only. Preexisting knowledge of the TKE budget derivation and turbulence in com-
pressible flows is expected and will not be discussed in detail presently. Standard nomenclature is used
throughout this document. Unless otherwise noted, index (summation) notation is utilized where x;, 2o,
and z3 correspond the streamwise, wall-normal, and spanwise directions, receptively. Likewise w1, ug, and
ug correspond the streamwise, wall-normal, and spanwise velocities. In terms of thermodynamic variables,
P is static pressure, p is static density, T is static temperature, and p is dynamic viscoisty.

Please address any questions or errors to Mateus Braga at mateus.braga@colorado.edu.
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2 TKE Transport Equation

The transport equation for turbulent kinetic energy is as follows:

Ok B ok o 8171 W 8u’i’tij 8u;/P/ 1 3pu// 7 // ﬁaﬁ +W (1)
Pot P00, = Mi0n; 0z, T 0w, or; 2 o0x;  '0m 0

Assuming steady flow and moving the advection term to the right-hand-side, the budget with zero sum is
the following:
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Turbulent kinetic energy per unit volume, k:

i
k= (3)
2p
Favre-averaged Reynolds stress tensor, 7jj:

s

—pu; u;
Tig — —— 4
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Viscous stress tensor, t;;:
Ou;  Ou; 3uk
J ?

Ou; ~ Ou; 2 8uk , .

tij=u <8CU; + 3SEZ> - gua—xk@j (Stokes’s hypothesis) (6)

where X is the second coefficient of viscosity and d;; is the Kronecker delta.
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Turbulent kinetic energy budget terms:

e A: Advection
e P.: Production

e pe: Viscous dissipation

D: Molecular (viscous) diffusion

II;: Pressure diffusion

Ty: Turbulent transport

II,,: Pressure work

II;: Pressure dilatation

3 Useful Simplifications

OpgI"

Gradient of the product of two Favre-fluctuating quantities, P

The gradient of the product of Favre-fluctuating velocities arises frequently, for clarity the simplification of
the gradient of the product of two Favre-fluctuating quantities is shown here with arbitrary parameters ¢

and :

L — ol
To find 2257 let’s first look at 222%.

f’gjf aik [pov]
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D000 _ D 1,55+ p + 065+ p00]
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(7)
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Rearranging for the product of the fluctuations:

I _ 000 Do 5 i - aiw _
B = e = g = 5Pl — 556 (16)
s Dpoi @w_ @, ) (‘%
= e b S pl — (a7
(18)
a 114011 a
DT D0 gy Dy Dy D D055 g (19)
k
Gradient of a Favre mean quantity, ;—i'
06 _ 9 [pd/7]
8733;.3 N (‘)xk (20)
96 1 [9pp_  Op
B = o B 2
05 _ 1 [08. T —
Oxn pﬁ _8Tckp - &ckﬂﬁ} (22)
o6 1 [[op 96 \_ 0p
o = 7 (M’ en?)? o 4 29)
06 _1[(Dp . 96 \__ 9p
873316 = pﬁ <8xk¢ Mﬂ) P — 8P¢} (24)
6 1 (p o 1 0p —
50 =5 (000t ?) ~ 5007 25)
Product of two Favre-fluctuating quantities, p¢''y":
To find pg¢)”, let’s first look at pdr).
po% = p(¢+ ¢") (% + ") (26)
PO = i)+ po” + pg" P + pe''” (27)
POV = pdib + p + p'' + pg' Y (28)
DT = 000 + gD + pF + PG (29)
pob = pos + pd"y" (30)
Rearranging for the product of the fluctuations:
P& = pdi — pois (31)
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Product of t
In addition to

hree Favre-fluctuating quantities, p¢’’¢" x":
¢ and v, an additional arbitrary parameter y is introduced.

P& = p(¢— B)(¥ — V) (x — X) (32)
PO = p(dtp — ¢ — b + 6P) (x — X) (33)
PO = p(dx — GUX — GUx + GUx — SUX + SUX + GUX — GUX) (34)
pSTINT = pIUX — pdlxX — poUX + pdlX — pOUX + pIUX + pSUX — pdUX (35)
pd" X" = pix — poXY — pxd + XY — pOYX + pdUX + pYoX — POYX (36)
pOPIX" = pdx — pdx — pYxP — POYX + PXPY + pdUX + pYdX — pPUX (37)
4 Advection, A
Advection of turbulent kinetic energy:
ok 0 [mlep)]
PUige, =P T o (38)
_ 0k uy |Opulul_ Op ——;
P ox;  2p [ Oz, - Ox;j ity (39)
_ Ok wuj |Opulul_  Op——;
v T (S W] 40
pu] axj 25 [ 8$J ax] puz uz ( )
Subsisting Eq.
_. 0k dp ou; Ou; op .. Ouj__. Ouj_._\_ 7
i = o= || 3w + 5—pui + 5 pui — Ui i~ 5 PUi S PU; Uy 41
U al‘j 2ﬁ |:<6Iju Ui+ 8a:jpu + al‘j b 8xju Y 8:z:jp 8a:jpu ) p 0 quz i ( )
_. 0k ap Ou; dp - - ou; _ .\ _ D
im— == || 77 uwu; +2 i — Uil — 2 i —pul/u} 42
Pioe, ~ 2 Kaxj““ e, T B T Ca, ") P T B, (42)
Subsisting Eq.
*ﬁ% = @ @u U; +28ui 9 Uty — 2 1 @u' Oui ) _ 1 apT ou; | p— 9 u u!!
p j@xj o Qﬁ 8:17]‘ H 8xj ' 6$j . P axj ' 6ij 02 amjp ippu)p 3:17][) i
(43)
*g.%_@ Qu u.+28ui . @gﬂ. 592 @u D _E@ | B @ !
pJ@Jij_Qﬁ 8a:j e 8xj ‘ (9$j i) p 8a:j ! 833]‘ ﬁ@xij pi 8.1‘jp i
(44)
Substituting the definition of a Favre quantity, <Z = %:
s Ok _pui[(0p o GOu o Opput o (Op o Dui 1 0p N\ O0p
P8z, = 27 (\oz; " T 702" T 0ny 2 )P T\ 0x; T 0" B, ) P T By Y
(45)
Terms to collect:
°p
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* pu; — [pur, puz, pus]

o puu; — p(u? + uj + u?)

? B B B
. aT’;uiui — {a—xpl(ulul + ugus + uzug), 5.5 (uiur + usuz + usus), g (u1wn + uguz + u3u3)}

Bui . Ouq dug % Ouq dug % M dug %
i Oz pu; — l:(awl pu1 + dz1 PU2 + dz1 pu3)’ (8302 pPuUL + Ozo PU2 + Oz> PUS)’ ( pPUL + PU2 + dz3 pUS):|

8263 8w3

afL‘j Oxq Oxo )’ Ox3

° dp [ dp Op Op ]

Op . p Op dp ,, . 9Op Op 9p ,, . Op Op Op

* ox; uj — |:8x1 U1, Oxo Ut, Oz U1, oz u2, Oz U2, Ox3 U2, Oz U3, Oxo us, Oz u3
a’u.i Bul 8u1 6u1 . (9’U.2 6u2 6u2 . (9’LL3 8u3 671,3

* ijp |:8331 p’ BQCQ p7 8:83 p’ 6361 p’ 8:82 p7 8%3 p7 8:81 p7 8%2 p’ 3923 p]

1,11

pu;u; is not explicitly substituted because it can easily be computed from Eq. as:

U = P — P (46)
5 Production, F;
Production of turbulent kinetic energy:
ou; pui vy ou;
PTij = = —pP 47
PTij (%cj P (%cj ( )
__ Oy ——7 OUi
it = — ! - 48
pT.l axj puz u] axj ( )
Subsisting Eq. 25
oy —— |1 ([ Op ou; 1 0p___
A = —PUu Uy = | U — =5 5 Pl 49
ij amJ puz U‘] ﬁ 855]“ + axjp ﬁ2 8:1/‘] pu ( )

11,11

pu; wj is not explicitly substituted because it can easily be computed from Eq. as:

"o ll — o737

puiull = puity — pu;u; (50)
Terms to collect:
.7

o 7l; — [ptiT, iz, ps)

® puu; — [pu1u17pU1U2,PU1U3; puUU1, PU2U2, PULUZ; pu3u1,pu3u2,pu3u3]

ox;

o 95, [P2 95 D5
Oxy’ Oxao ) Ox3

Op 9p

Jp dp 9p 9p ,, . P .. dp
. - |:811 Ui, Oxo Uut, Oxs Uut; oz u2, Oxo U2, Ox3 U2; Oxq us, Oxo us, Oz u3

ox; Ui

aui Oul 8u1 aul . 8UQ 8u2 auz . 8u3 aug Dug
* amjp [amlp’ Bmgp’ 813/)’ 8m1p’ 8z2p7 813/)7 lep’ 3r2p’ 8.”53'0}
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6 Viscous Dissipation, pe

Viscous dissipation of turbulent kinetic energy:

ou!! O(u; — u;
8xj 8:1:j
oul! ou, ou;
tijo— = tijo— — tij 5 — (52)
Ox; 0 Ox;
oul! ou;  —0u;
tii—r =ty ; 53
" Ox; " Ox; " Ox; (53)
Substituting Eq.
oul! ou;, — |1/ 0p ou; 1 Op
by =t — Ty | = + - = 54
lj 81‘]' Y 81‘]' Y P \ Oz ! 8l‘jp ﬁ2 8l‘jp ! (54)
Recalling from Eq. @that tij = 1 (%‘; + g?) - %u%:éij
Terms to collect:
°p
 pu; — [pur, puz, pus]
o tij — [ti1, T2, T13; To1, 122, o35 T31, 132, 53]
. tingu; = 111 T+ 119G 1138 4 ho) T2+ top T2 4 03 52 + 131 TS + 155 TS 4 133 5
9p odp 9p 0
* 55 = |5t vas vas
° aanjui - [%Uh%uh%uu %Uzya%uz,%uz; %Ugy%u&%us}
duy ) ) duy . @ d duy . ] 0
* Guil {T;‘ip, Tas P Gor Py G P G2 Py Tt Py et Ps Gas Py G P
7 Molecular Diffusion, D
Molecular diffusion of turbulent kinetic energy:
au;/ti]‘ _ 8u;’ B 8tij u! (55)
81,’]' al'j * &r]— ¢
au;/tij _ au;/ +3t¢j o (56)
8wj Y 8wj 8xj ¢
pe

Since the definition of the viscous dissipation arises, there are no additional terms to collect for that com-

ponent. Continuing with the simplification for u/:

oull't;; ou! Oty -
B = liigy g (i = ) (57)
J J J
8U£ltij 5‘u,’»’ 8tij 8tij .
—— =tlij o i i 58
a.’I}j ja(I}j 6xju 83?ju ( )
8u"tij 8U/v/ atij 8% ~
— = i i = i 59
8.73j J 81‘j + 8xj 6$ju ( )
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The spatial derivatives of the viscous stress tensor present challenges because they result in second derivatives
of the velocity components. Therefore, they are left alone, and the spatial derivatives are to be computed
after-the-fact on the mean quantity. In practice, the boundary layer assumptions may be invoked such that

a() 9()

PIoE amz < 8( ) and Uz, u3 < u1. Subsequently the task for simplification of Eq. is to bring the product of
the velocity Wlth the divergence of the viscous stress tensor to be inside the derivative to have the divergence
of the product of the velocity and viscous stress tensor.

au;’tij _ tHBu;’ + B(tijui) ault _ 8E~
8mj Y ail'j 8xj ax] axj t
8u;/tij - 8U2/ 8(t1juz) ou; BEN
9z, 90z T oz, 9om;  oa;
T T T T Z j
pe

Many of these terms to collect were previously seen in the viscous dissipation.

Terms to collect:
LN

o pu; —

[put, puz, pus)]

o Tij — [t11,t12, t13; To1, 22, ta3; T31, T32, t33]

o t;;ou 9z, 7t aul + t12 aul + 13

p ] ] u p ]
dar T l2155% +loag2 +lasg? + i 8u3 +t32 5.2 + a3 et

. 92 [aT Ty @}
ox; Oxq? Oxa’ Ox3
* 68;; uj — [gfl U1, Baxpg U1, 86;83 U1, ;xpl u2, Oaxp U2, (;thg U2, (;thl U3, Baxpg us, 86963 Ug]
o Tmp— (320,580 30 320, 050, 52 32, Tap, 31
o tiju; —

[(tnul + torug + ta1ug), (t12ur + taous + tous), (t1sur + tagus + t33u3)}

8 Pressure Diffusion, II;

Pressure diffusion of turbulent kinetic energy:

8u;-’P’ _ %P’ n 6P/u’.’
8:cj 8xj &tj J
ou// P’ O(u; — uy) — d(P — P)
J _ j ip_P o
Ou/P" Bu; ou; ou; ou; oP oP oP oP
J = 7 Yip_“Hip, ZHp ey R By
Ox; dzr; Oz 8% v Ox; dx; 4 e oz, Ox; wr Ox; Y
WP Ty 0 04E 054 0P, 0P 0 0T
Ox; 8:10] Oz, S Ox; J J j J
aug’P’ auj p_ %
Ox; 8:1cj Oz, (“)xj Ui~ axj

(60)

(61)
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For a perfect gas, pressure P can be replaced with temperature T" and density p via the equation of state

P = pRT, where R is the specific gas constant.

pressure only.

This substitution is made for the spatial derivatives of

ou”/ P’ 0 0 8 RT O(pRT
j UJP _oUi 5 (p )Uj _ (p )W (67)
Oz, 83@ Oz, Ox; Ox;
TP’ _ Ouj  Ouy 8(pT) a(pT)
J “JIp_ PR - R 68
or;  Ox; Ox; Ox; R ox; (68)
oI P’ _ Ouy Ou; Op or Op or
J “JIp_ PR T - R T 69
or, oz, oz, (a o, p) (a "oz, p) (69)
oI P’ _ Ouy Ou; dp oT dp oT
J “Jp_ Py R T R— R— F R— 70
or, oz, oz, | am, W a5, T Vo, oz, (70)
Terms to collect:

o P

o u; — [ur, Uz, us]

e

Ju duy | 0 d

o PO P(3a +T:z+af:g)

° amk L Ty, — T ( U1 + 812 Uy + azs u;;)

° 6wk pu = p (Bwlul + axg ug + axg )

? ) ? ?
* o, 1 |:aa:p1 T, 50T oy T}
T T

® 9a,P |:9I1pa Bza P> aTg,p}

9 Turbulent Transport, 7}
Turbulent transport of turbulent kinetic energy:
1 apu// ;/ ;/ 19 _ _ _

D e oM — a (s — 1 1
2 r = 3 [P W ) ) (71)
10puuu] 1 9
25’7% — Ea— [p(uiuiuj — WU UG — 2u U+ 20U U+ U Ul — Ut Uy ) (72)
10pufuv] 1 9
2 81?]‘ = 567 [PUzU Uj — PUU;Uj — ZPUinui + 2@’[/@1@' + pujuiu; — ﬁululuj)] (73)
1 dpuiuini 1| dlpwwg) O lpwwiay] 8 [puwga] |0 [pwiwia] O [pujuias] O [pusdiug]

= - —2 +2 + -
2 81?]‘ 8;Ej 8xj al‘j al‘j 8£Cj 8Ij
T1 T2 T3 T4 T5 T6
(74)
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For clarity, each sub-term will be expanded individually.

T1:
0 [puiuiug] O |puiuiuy] (75)
afj 8£ﬂj
o) _ 0, e o
oz, = oz, Ui U +28Ij puiu; + 7z, PUU; (76)
T2:
0 [puiwiu;] O [pwiui] . Ou;
Ox; o Ox; Ui +a%pu7uz (77)
d[puiwiag] — Opujwi] 0wy
axj = axj ’U/j + %jpuzuz (78)
A du; Quj_____
7z, = ar,; uluz+28 PU; +axjpuzul (79)
T3:
o [pry) _ 0lpuy) | o0
ox;  Oxj U+ Ox; B, P (80)
9 [puiujui] _ O puiuy] 3~
azr; oz, g, M (81)
0 [puguju;] Ip 8ui duy _ 6@
2Py T s - — =7 bl BT )
oz, oz, "t 9z, " ¥ B, pu )i oz, P (82)
T4:
olpmaa)  olpw] - . ol
8$j a al‘j i 6]}]‘ pi (83)
olpmind;) O] - O]
- 0 - 4
3mj (%cj ity 8217]‘ ’ (8 )
d [puuzuz) [ Op N\~ ~ Ouj \~ . Ouj ____ ou; -
oz, = axjuz ity + 8sz uu; + xlu,puz—l—azjujpul (85)
(86)
T5:
olpuyiin] _ olpm) | Ol
Oz - Oxj withi Ox;j P &7
olpiymm) _ Dlpwg] Ol
81}]‘ - 8xj Uathi + 8mj U (88)
ol _ (90 N . (0 on
ar; = 8a:juj Wity + 8%;) uul—l—Qa ]u 3 PU; (89)
(90)
T6:
olpini) _ Dp - dh__ 0
oz, = oz, U Uil +28 puiu; + o ]pu Uy (91)
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From Eq. 25
ou; 1 [ 9dp Ou; 1 9dp
= — (L, - ; 92
dzj p (3%‘” "o, ) 7 0x;"" (92)
and (93)
ou; 1 ( 0p Ou, 1 0p___
== j - j 94
oxj D <8xj it o 7° [“)xjpuj (94)

Terms to collect:
LN

o 7 — [p, pits, pis)

(] PU;U; — [pulul, pPULU2, PULUZ; PUUT, PU2UZ, PU2U3; PUIUT, PUIU2, pU3U3]

0P )0y o Ous o) 0o Ouy
® G Willil + 28ijuzuj + 8T;pulul —

p p dp
p ——(uquy + ugug + uguz)u; + —— (urug + ugug + uzug)us + —— (urug + usus + uguz)uz—+
T1

Oxa O3

5 ouq Jrf)u +a n ouq +au +8 N ouq +8u +8
80180U28PU3U18018P28PU3U2apulap2apu3u3

Ouy | Ouz , Oug
3331 afﬂg 3:173

) p (uruy + ugug + usus)

0,
° 87: Uiy —> [ar"l Uiy 4 ugs + usts), 2 g (urur +ugus + ugs), 2 g (uun + ugus + U3U3)i|

p Op Op Op
* Bz Ui “J [(a ur + 8;1;2“2 + 5 “3) ui, (&mul + azQW + am3“3) U2, (amlul + amu? + 813“3) “3}

pui + 5 6“2 2 pug + gf pug) (gg; puq + gg; pus + gf pu3) (a’“ pur + 5 6“2 2 pug + g;s pug)}

6u1

o rpu; = ( pus + Gt pU3> (%ﬁpul + 522 puy + G2 PUS) (‘g%fpul + e puy + G puS)]

Ouj Quy | Quy 4 Oug Qui | OQuz | Oug Qui | Oua | Oug
® oz, PUi (a Ers 8303) pu, (8:1:1 t 9wy T 02 ) PU2: 0oy T Gz T 0wy ) PUB
. dp dp 9dp Bp
aﬂfj 83’,'1 ’ 8332 ’ 83?3
Op dp Op_ ap Jdp dp dp . Op Jdp dp
° ox; Ui = [dxl ULs Fgy U1 d:cg,ul’ Fx1 W25 Gy Y20 Pag Y25 By U35 By U3s dz3u3
8u,; Bul 8u1 8u1 8’u.2 8u2 6u2 8u3 6u3 aug
* ijp |:6L1p’ 6L2p78.L3p7 aL1p78.L2p78.L3p7 6.L1p78.L2p7813p:|

o pu;UU; — [pul(ulul + ugug + uzug), pus(uiuy + usus + uzug), pus(uiug + ugus + u;;u;»,)}
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10 Pressure Work, II,,

Pressure work on turbulent kinetic energy:

— 0P 0P
" _ . >
Vo = )y (95)
—OoP oP
" — (77 — 1.
Uy oz, (u; Ul)ami (96)
— 0P oP 0P
" T -
i al‘i — 8@- ! 81}1‘ (97)
Substitute pressure via the equation of state:
— 0P _O(pRT) _O0(pRT)
1" — N — .
oP . 9(pT) _ ,9(pT)
" — - _ i
g ult ox; uilt 0x; (99)
oP ap oT dp oT
” =wR—T R— u; R—— T — u; R— 100
Vo g, T e T gy, oz;" (100)
Terms to collect:
*p
o P — [pur, Pz, pzs)
o u; — [y, Uz, Us]
) ) ) )
o« 227 (21,227, 227
oT oT ~ oT . oT
® 5P {8361 Py 9zs P 373,0}
11 Pressure Dilatation, II;
Pressure dilatation of turbulent kinetic energy:
ou!! O(u; — uy)
pP—=(P-P)—/———= 101
oz, (P—P) oz, (101)
ouy 8u1 faul 8uz —Ou;
P’ + P 102
or; 8:51 8:51 8% ox; (102)
o) ou;  —=0u; Z Zf
p=—pZt _pZ 103
ox; ox; 5‘171 (103)
ou”! ou; faul
pP—=pP—— 104
ox; ox; 8%1 (104)
Terms to collect:
o P
. pmﬁp(%_km_f_%)
8a:k 8$1 89:2 69:3
Duy ou ou ou,
* 8;8: - 8:81 + 8;1; + 8x§
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12 Heat Transfer

For heat transfer, the two quantities of interest presently are the molecular heat flux (¢r; = @;) and the
turbulent heat flux (gr;). To start, the molecular heat flux is as follows, where ¢; = @; + ¢}:

oT T
q; = *liaxi —qLi = ¢ = *Haxi (105)
Gl 1

7=+ 2T (106)
___or _orm 9T 0T’

G = ﬁ@xi na—xi K oz, K oz, (107)

0

- o E(??',_ Z;%T T (108)
4= 3%1 8171' 81‘,' 89:1

___or 0T

%= _Kami -k (“)xz (109)

Often the thermal conductivity - temperature gradient fluctuation correlation s’ % is neglected. The tur-

bulent heat transfer is given as follows, making use of constant specific heats to write the enthalpy h in terms
of temperature T":
ari = W (110)
qri = cppu; 1" (111)

The fluctuation correlation can be re-written similarly to Eq.

cppul T" = cppu T — cppu; T (112)
ou; pT
cppul T" = cppu T — cpﬁmfz il (113)
T
cppul T" = cppu T — cpmpj (114)
P

Terms to collect:

I

=

oT oT oT oT
* K’Tzi - [Haml’ﬁi}xQ’Kazg,}

o T

o u; — [pun, piiz, i)

o puT — [puiT, pusT, pusT |

o pTT (fOI" TRMS)
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13 List of Unique Terms to Output

Many of the same outputs arose in the individual budget terms. Additionally, some terms are redundant
due to symmetry (i.e. viscous stress tensor). Therefore, the list of unique terms to output is as follows:

1. stats_time
2. I

3. i)
4

© »®» X o«
- B I

10.
11.

=I

12.

=

13.

|

14. &

15. puy
16. puy
17. puz
18. pT
19. puyuy
20. puits
21. purus
22. puzls
23. pugzts
24. puzts
25. pu1T
26. pusT
27. pusT
28. pTT

29. pu1l (U1U1 =+ Usuo + U3U3)
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30. pug(uiur + ugug + ugus)

31. pusz(uiuy + ugug + uzus)
32. t11
33. tio
34. 13
35. too
36. ta3
37. t33

38 t11u1 + tlQ'LLQ + t13U3

39. tlgul + t22u2 + t23’LL3

40. ti3ug + togug + t3sus

41. t1, aul +t12% 8u1 +t13 27;1 + tpJu2 5an T 122 6”2 + 1235 au2 +t13 223 + tg3 Jus S t 133 ‘2;;

T
42. Bacp1
43. de

44, 20

45. 9w

46. du

47, Gu

48. duz

49, duz

50. Qu2

51, dua

52. Jus

53. Jus

54. 2L

55. 9L

56. 2L

57. w22
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o
58. (VA1 %

59. uy 2L

60. ’U,QTzl

61. U2T$Q

0
62. ’U,QT;;
o
64. ’U,3ﬁ

7]
65. U3T£3.

66. T-22

67. T 22

68. T22

70. p2u

71. pgir

72. pgiz

73 p auz

74. pQu2

75. pQus

76. pgus

. paes
8. paL
79. p2L
80. p2L
81. k2L
82. k2L

83. 2L
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o Oug o
84. P (G 4 G 4 gu)

85 T<u18'r +’U,287f) +U388xp3>

86. p(ulam +u281 —|—ugg£)

87. (u1u1 —+ ugug + U3U3)§71pl

88 (u1u1 + U2U2 + UgUg)%

89. (U1U1 —+ Uguo + U3U3)§7p

90. uy <u1 5a; T U2 axp + us am)

83’,‘3

91. u9 (ulap +’U,de +’LL3 Bp)

92 us (ulap +UQap +u38r3)

93. p ulgul + ug 6“2 + us gz?)

9. p

96. p

97.

(
(w52
05, p (mle + wle
(w522
p (w5
p (5

98.

99. puy (%+%+%)

100. puz (52 + 522 + G2

101. pug (52 + 522 + G2

102.

0
i(ulul + ugug + uzuz)ui + i(ulul + ugug + uzuz)us + i(ulul + ugug + uzuz)uz+
Oxq Oxo O3

6371 3331 8331 6 X9 8332 8.132 8 T3 81‘3 8.133

6’&1 8“2 8U3
(31'1 * oy 8:02 + ox I3

0 ou Ous: 0 0 Ou: 0 0 Ou:
Qp[(m1+ uz, - Ous >U1+<U1 +U2uﬁusu3>w+<w +uqu+Usu3>u3}

) p (uruq + ugug + uzus)
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Text names for the terms are as follows:
1. stats_time

2. x

- W

e S
<

10. P
11. mu
12. kap
13. cp
14. cv
15. ru
16. rv
17. rw
18. rT
19. ruu
20. ruv
21. ruw
22. rvv
23. rvw
24. rww
25. ruT
26. rvT
27. rwT
28. r'TT
29. ruvmag?2
30. rvvmag?2

31. rwvmag?2
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32. t11
33. t12
34. t13
35. t22
36. t23
37. t33
38. tlkuk
39. t2kuk
40. t3kuk
41. tijui_xj
42. r x
43. ry
44. r_z
45. ux
46. u.y
47. u_z
48. vx
49. v_y
50. v_z
51. wx
52. w.y
53. w_z
54. T x
55. Ty
56. T_z
57. urx
58. ur.y
59. ur_z
60. vr_x
61. vr_y
62. vr_z

63. wr_x
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64. wr_y

65. wr_z

66. Tr_x

67. Tr_y

68. Tr_z

69. rux

70. ruy

71. ru_z

72. rv_x

73. rv_.y

74. rv_z

75. rw_x

76. rw_y

77. rw_z

78. rT x

79. rT_y

80. rT_z

81. kapT x
82. kapT. y
83. kapT _z
84. Puk xk
85. Tukr_xk
86. rukT xk
87. vmag2r_x
88. vmag?2r_y
89. vmag2r_z
90. uukr_xk
91. vukr_xk
92. wukr_xk
93. rukuk_x
94. rukuk_y
95. rukuk_z
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96. ruku_xk
97. rukv_xk
98. rukw_xk
99. ruuk_xk
100. rvuk_xk
101. rwuk_xk

102. turbtransl
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